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Executive Summary 

In many Department of Defense test and evaluation 
applications, binary response variables are unavoidable.  
Many have considered D-optimal design of experiments for 
generalized linear models.  However, little consideration 
has been given to assessing how these new designs perform 
in terms of statistical power for a given hypothesis test.  
Monte Carlo simulations and exact power calculations 
suggest that D-optimal designs generally yield higher 
power than binary D-optimal designs, despite using logistic 
regression in the analysis after data have been collected.  
Results from using statistical power to compare designs 
contradict traditional design of experiments comparisons, 
which employ D-efficiency ratios and fractional design 
space plots.  Power calculations suggest that practitioners 
that are primarily interested in the resulting statistical 
power of a design should use normal D-optimal designs 
over binary D-optimal designs when logistic regression is 
to be used in the data analysis after data collection



RESEARCH POSTER PRESENTATION DESIGN © 2012

www.PosterPresentations.com

How should an operational test event be planned when the 
response of interest is a success or failure (binary data)?

When it is known prior to data collection that the response variable 
will be binary, how should an experiment be designed? Many 
common comparisons between designs rely on asymptotic results. 
Instead, we look at statistical power calculations to compare 
designs. Generally, normal D-optimal designs results in higher 
statistical power than binary D-optimal designs.

Problem Statement

Comparison of Two Designs
Response surface designs are common in practice as they are an 
option regardless of the type of model the experimenter uses. A D-
optimal design is a common response surface design that aims to 
minimize the generalized variance of the estimated parameters. 
Table 1 highlights the difference between the binary D-optimal and 
normal D-optimal designs.
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• The normal D-optimal design generally yields higher power than the binary 
D-optimal design despite logistic regression being used in the data analysis.

• The results presented here are based on the model utility test hypothesis; 
however, different hypotheses such as standard pairwise comparisons lead 
to similar results.

• The results presented here are based on the likelihood ratio test; however, 
different test statistics such as the Wald test lead to similar results.

• Standard comparison methods such as the D-efficiency ratio and fraction of 
design space plots favor the binary D-optimal design. These comparisons 
contrast with those based on statistical power.

• The results presented here are based on the logit link function. Different link 
functions may lead to different results, e.g. there is a link function such that 
information matrices are equivalent, and thus the designs are equivalent.

Method of Comparison
• The two designs are compared via statistical power.

• Traditional comparisons include D-efficiency or Fraction of Design Space plots, 
both of which rely on asymptotic theory.

• The analysis model is logistic regression:

Simulated Power Results

Test 
Planning

Operational 
Test Event

Data 
Analysis

Normal Design Binary Design

Response Model
𝑦௜ ൌ 𝑥௜் 𝛽 ൅ 𝜖௜ where𝜖௜~𝑁ሺ0,𝜎ଶሻ 𝑦௜ ∼ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ሺ𝜋௜ሻ

where 𝜋௜ ൌ  ୣ୶୮ሺ௫೔೅ఉሻଵାୣ୶୮ ௫೔೅ఉ
D-Criterion

Maximize the 
determinant of the 
information matrix

Maximize the 
determinant of the 
information matrix

Information Matrix 𝑋்𝑋 𝑋்𝑉஻𝑋 
where 𝑉஻ depends on 𝛽

Data Collection
Collects binary response 

variable
Collects binary response 

variable

Analysis Model Logistic Regression Logistic Regression

As Table 1 indicates, the two designs differ in the response model 
and the information matrix. The binary design correctly anticipates 
binary data and the analysis model – logistic regression. After the 
binary data is collected, the data are analyzed using logistic 
regression regardless of the design. However, the information 
matrix for the binary design depends on the unknown parameter 
vector β. Additionally, for the binary design, the variance matrix of 
the parameter estimates depends on the information matrix 
asymptotically, i.e. as the sample size increases to infinity; whereas 
for the normal design, the variance matrix is a function of the 
information matrix for any sample size.

Table 1

Although it is typically preferable to use continuous response data when available, it is not 
always viable in DOD applications. For example, whether or not a torpedo located its target 
is a binary response. Suppose that it was of interest to test if the following three conditions 
affected the hit probability of the torpedo:
• The speed of the target boat
• If the target boat employs evasive maneuvers (yes/no)
• The depth of the target boat (deep/shallow)

Hypothetical Example for the Department of Defense (DOD)

For the hypothetical experiment, the binary and normal D-optimal designs are visualized in 
Figure 1. The normal D-optimal design produces a design with eight support points, equally 
weighted. The binary D-optimal design has only seven support points, with different weights.

𝐻଴:𝛽ଵ ൌ 𝛽ଶ ൌ 𝛽ଷ ൌ 0 vs 𝐻௔: at least one 𝛽௜ is non-zero.

• The test statistic used is the likelihood ratio test. 
• The binary D-optimal design was calculated using the true unknown parameters. The 

resulting design is locally optimal.
• Power is calculated via Monte Carlo simulation with logistic regression in the analysis.

Figure 1

Binary Normal

Figure 2 demonstrates the simulated power results for the two designs from Figure 1 as 
sample size increases. The normal D-optimal design outperforms the binary D-optimal 
design in terms of statistical power.

Exact Power Results
Power can be calculated exactly. The intercept term 𝛽଴ is held fixed at 2 and the sample size 
is held fixed at 12. For simplicity, 𝛽ଷ is dropped for the model. Power is calculated over the 
parameter space, ሺ𝛽ଵ,𝛽ଶሻ ∈  Rଶ. Power is illustrated for the two designs by heat plots in 
Figure 3.

Figure 3

Figure 2

𝑦௜ ∼ 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖ሺ𝜋௜ሻ where 𝜋௜ ൌ  ୣ୶୮ሺ௫೔೅ఉሻଵାୣ୶୮ ௫೔೅ఉ and 𝑥௜் 𝛽 ൌ 𝛽଴ ൅ 𝛽ଵ𝑥௜ଵ ൅ 𝛽ଶ𝑥௜ଶ ൅ 𝛽ଷ𝑥௜ଷ
• The model utility test is used and is described as:

Generally, the normal D-optimal design outperforms the 
binary D-optimal design in terms of statistical power.
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Program 
of  Record

Test 
Planning

Operational Test 
Event

Data 
Analysis

Central Question: How should an operational test event be 
planned when the response of interest is a success or failure?

Binary Response

• Key Findings: 
• We compare the binary D-optimal design with the normal D-optimal design by 

statistical power.
• Standard design comparisons favor a binary design.
• Generally, a normal D-optimal design results in higher statistical power than a 

binary D-optimal design.
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• A design of experiment (DOE) is the planning of an experiment 
with the statistical analysis in mind

• D-optimal: A design which minimizes the generalized variance of 
the parameter estimates

• Hypothetical: An operational test event is to be planned to explore 
condition effects on torpedo hit probability against an adversary 
submarine

• Response: Did the torpedo hit or miss the target boat?

Design of experiment for torpedo hit probabilities
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Binary design anticipates binary data in data analysis, 
whereas the normal design does not

Data 
Analysis

Operational 
Test Event

Test 
Planning

Normal design Binary design

• Anticipates normal data in 
data analysis

• Optimizes precision of 
parameter estimates 
assuming normal data

• Collects binary response in 
operational test event

• Uses logistic regression in 
data analysis

• Anticipates binary data in data 
analysis

• Optimizes precision of 
parameter estimates 
assuming binary data

• Collects binary response in 
operational test event

• Uses logistic regression in 
data analysis
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• Standard DOE comparisons favor the binary design including:
• D-efficiency
• Fraction of Design Space (FDS) plots

• Standard DOE comparisons rely on an large sample size (asymptotic theory)

Standard DOE comparisons favor the binary design
Binary Design Normal Design

DOE: Design of Experiment
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Binary design underperforms in power analysis

* Model utility test hypothesis with likelihood ratio statistic (𝛼 ൌ 0.05)

• Power: The probability of detecting that at least one factor affects 
hit probability given that there is indeed an effect*

• Binary design underperforms normal design in power analysis
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Primary Findings
• Normal D-optimal designs outperform* the binary D-optimal 

designs despite using logistic regression in the data analysis
• Standard DOE comparisons favor the binary D-optimal design

Next Steps
• Consider a new optimality criterion
• Better understand why the normal design outperforms the binary 

design

Primary Findings and Next Steps

* Performance is measured by power calculations.

DOE: Design of Experiment
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• Power analysis is conducted via Monte Carlo simulation using the 
anticipated parameters

• Null Hypothesis: All non-intercept parameters are zero
• Alternative Hypothesis: At least one non-intercept parameter is non-zero

• Test Statistic is Likelihood Ratio (R package lmtest)
• Parameter estimation is done using the firth correction

• R package mbest to modify the glm object

• Additionally, Wald and Likelihood Ratios were assessed with 
ANOVA type III and produced similar results

How Power Analysis was conducted
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